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The Distribution of Products in a Series of Consecutive Competitive Reactions 
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For series of successive competitive irreversible reactions of the type (1) general expressions have been derived giving the 
number of moles iVABNi of the various products as functions of the number of moles of the substance A reacted and of the 
constants fa, ks,.. .fa Kn (called distribution constants) expressed by the ratio of the velocity constants from reactions 
from 2 to n to that of the first reaction. If the intermediate products ABr are recycled in the amounts VKBT the general ex
pressions above obtained are properly modified. The equations derived have been verified with available experimental data 
for some series of reactions such as the formation of alkanolamines and halogenation of methane (up to a maximum of n — 4). 
The results obtained are sufficiently satisfactory for the process without recirculation, while further verifications are being 
made for the process with recycling. Expressions above permit to determine the distribution of products as a function of the 
number of moles of the initial compound A reacted, without considering the reaction rate. By knowing a reaction rate con
stant (e.g., that of the first reaction A + B = AB) it would be possible to calculate the number of moles which are formed 
at a given time for all the series of the reactions considered (ref. 7). 

The kinetic study of a series of consecutive, 
competitive and irreversible reactions of the type 

A + B = AB 
AB + B = AB2 

(1) 
ABi-i + B = ABj 
ABn _ i + B = ABn 

is of both theoretical and practical interest as a 
number of industrial chemical processes can be 
represented by a series of equations of this type. 
Examples are the halogenations of saturated and 
unsaturated hydrocarbons, the reactions of alkylene 
oxides with water, alcohols, ammonia and amines, 
the alkylations of aromatic hydrocarbons and the 
esterifications of glycols with polyacids. Also some 
processes of formation of organic macromolecules 
follow series of reactions which can be referred to 
type (1); in particular if A = B, we have the re
actions of polymerization, for example, those of 
the vinyl monomers. 

The polymerization reactions however are not 
suitable for the study of the distribution of products 
as the high chain growth velocity rapidly leads to 
such complex molecules as to prevent the identi
fication and measurement of the single polymers. 
On the other hand, the other reactions mentioned 
above allow more information to be obtained as the 
difficulties encountered in the isolation of the prod
ucts, although still considerable, may often be over
come. There are, however, few experimental and 
theoretical papers on the variation of the composi
tion of a mixture of products as function of the ratio 
between the initial amounts of the reactants. Still 
fewer are the papers on the possibility of recycling 
one or more intermediate products in order to 
modify, in the desired direction, the final distribu
tion of the products, eliminating those of lesser 
interest and obtaining a higher yield of those 
desired. 

Previous Works.—Ostwald1 was the first to make 
a kinetic study of series of consecutive reactions and 
the first to attempt to overcome the difficulties 
involved in integrating the differential rate equa
tions by expressing the concentrations of the various 
molecular Species not as a function of time, but as 
a function of the reaction products. Later Rak-
owski2 solved, in a satisfactory manner, the problem 

(1) W. Ostwald, "Lehrbueh der allgetneifle Chemie," W, JBnge)" 
mann, Leipzig, 1902, 2 Aufl., Bd.2, 2 Teil, page 277. 

(2) A, Rakowski, Z. physik. Chem., 87, 321 (1907). 

for series of monomolecular consecutive reactions 
or reactions which may be referred to this type. 
For a long time, the existence of even one bimolec-
ular stage in the series frustrated the attempts to 
solve the differential rate equations and, even as 
recently as 1941, Hirniak3 was able to declare the 
non-existence of satisfactory integration formulas 
of general validity. However, with the assump
tion of restrictive hypotheses it has been possible 
to solve the differential equations relating to series 
of two bimolecular reactions. For example, assum
ing the second reaction to be very rapid with 
respect to the first and by means of graphical 
integration, Natta and Pastonesi4 in 1937 studied 
the synthesis of methanol from carbon monoxide 
and hydrogen as a series of two consecutive, 
irreversible, bimolecular reactions. 

Notation 

In 1943 Fuoss6 was the first to treat four con
secutive, concurrent, irreversible reactions and in 
1945 Natta on his own6 and with Simonetta7 de
veloped very general expressions valid for any 
number n of reactions. Other works published in 
recent years on this subject are those of Potter 
and MacDonald,8 Potter and McLaughlin,9 Pshez-
hetskii and Rubinstein,10 Ferrero, Berbe" and 
Flamme,11 BerM12 and McMullin.13 Finally we 
mention the work of Eldrige and Piret14 on a system 
of continuous flow stirred-tank reactors, giving 
formulas for consecutive reactions, and a recent 
paper by Natta and Mantica16 whose results will 
now be summarized. 

(3) J. Hirniak, Ada Physicochim. (U.R.S.S.), 14, 613 (1941); C. A.. 
37, 2643' (1943). 

(4) G. Natta and G. Pastonesi, Chimica e Indusiria (Milan), 19, 
313 (1937). 

(5) R. M. Fuoss, THIS JOURNAL, 65, 2406 (1943). 
(6) G. Natta, Rend. ist. Lombario Sd., 78, No. 1, 307 (1945). 
(7) G. Natta and M. Simonetta, ibid., 78, No. 1, 336 (1945). 
(S) C. Potter and W. C. MacDonald, Can. J. Research, 25B, 415 

(1947); C. A., 42, 21b (1948). 
(9) C. Potter and R. R. McLaughlin, ibid., 25B, 405 (1947); C. A.. 

42, 441i (1948). 
(10) S. Ya. Pshezhetskii and R. N. Rubinstein, / . Phys. Chem. 

U.S.S.R., 21, 659 (1947); C. A., 42, 2162f (1948). 
(11) P. Ferrero, F. Berbe" and L-R. Flamme, Bull. soc. chim. Beiges, 

56, 349 (1947). 
(12) F. Berbe, Chimie et industrie, 68, No. 3 bis, 492 (1950). 
(13) R. B. MacMullin, Chem. Eng. Progress, 44, 183 (1948). 
(14) J. W. Eldridge and B. L. Piret, ibid., 46, 290 (1950). 
(15) G. Natta and E. Mantica, COM. chim, UaI., 81, 184 (1951). 
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A,B, reactants 
AB, AB2,. . .ABi ABn , reaction products 
AB1, recycled intermediate reaction product 
Nju,, number of moles of reactant A initially present 
Nx, number of moles of reactant A present 
NB, number of moles of reactant B present 
NAB\, number of moles of product ABi present 
^ ABr, number of moles of product AB r recycled to feed 
Si1 number of moles of product AB, formed 
K\, velocity constant of ith reaction 
h = K-JKx, distribution constant of ith reaction 
(oti)n, ith coefficient in the expression of Xn in processes 

without recirculation of intermediate products 
(/3On, t'th coefficient in the expression of Xn in processes with 

recycling of intermediate products 

Derivation of Equations 
The distribution of the products in a series of con

secutive concurrent irreversible reactions carried out 
in a batch process: Except when all the reactions are 
irreversible and of the second order, the expression 
for the reaction rate is 

dxn/dt = Kn(Xn - i - Xn)Ns (2) 

From the ratio of two equations of type (2) there 
results 

0.Xn •*»• n «. > Xn- l ~~ Xn 

uXm Am #m—1 Xm 
(3) 

The case having the greatest practical interest 
is that in which m = 1 and the following expression 
is obtained 

ClXn i Xn—\ Xn (4) 
dxi NM — Xi 

where AA0 has been substituted for Xo and kn = 
KJK1. 

Equation 4 is a linear expression which is easily 
integrated giving the following value for x„ 

Xn = NM [ l + (ai)n (
NM

N~ *') + 

, , /JVA, - x,\h , ' (NM - K1^VI 

k%ks • Kn 

(5) 

( -1 ) " (6) 

where 

( " i ) n " Wi ~ D(*l ~ * l ) • • • ( * ! - * » ) ' 

and the term k\ — k\ at the denominator is to be 
cancelled. 

If the quantities ./VA11, *I , X2, • • • , xa- lt Xn are 
known, the distribution of products may be cal
culated with the equations 

NA = NM - XI 
NAB = Xi -Xi 

NABI ^ Xi - X i + 

AABO = XR 

(7) 

The numbers of moles NAB.- present at the end of 
reaction are still given by equations (7). 

The distribution of products in a series of con
secutive concurrent irreversible reactions carried out 
in batch processes with recirculation of intermediate 
products: If the reactor is fed with intermediate 
products recycled (generically represented by ABr) 
in addition to reactants A and B the equation (3) 
is modified as 

Xn dXn = , Xn-I + I1ABn-I 

dXm " Xm-I + VABm-I — X 
(9) 

If m — 1, substituting again A^A0 for x0 and sup
pressing J»ABm-i there follows 

Xn-I + J-ABn-I — Xn dxn 

d»i 
— Kn ' 

NM - Xi 
(10) 

which is another easily integrated linear equation. 
The expression of x„ resulting from integration of 
(10) is 

Xn = <VA.[I + («i). ( ^ ^ *') + 

(„,),(^er + ....A:...+M,(^y]+ 

S'"A..[l + (SM-,). ( ^ 5 ) " * ' + - -

•••• + < « * ( W ] "» 
where the a coefficients are expressed as in (6), 
while the coefficients /3 are given by 

*r+l fer+2 ' ' ' Kn (ft)»- k\{ki — kI+l){h — ki+i) • • • (fei — kn) (-iy-
(12) 

and the term h — h is suppressed in the denomina
tor. 

Knowing the values of NK0, and 
of J7ABt the distribution of products is given by 
the equations 

NA = NM - xi 
NAB = Xi + CAB - X2 

NABI = Xi + CABI — Xi + i 

NAB. = Xn 

(13) 

The distribution of products in a series of consecutive 
irreversible reactions carried out in continuous proc
esses with recirculation of intermediate products: 
For continuous processes results a modification of 
the conditions of integration of the equations (9) 
and (10). In particular from equation (10) the 
following expression is derived for Xn, bearing in 
mind that the integration constants are all zero 

The distribution of products in a __ 
series of consecutive concurrent irreversi- " K-NA0 -
ble reactions carried out in continuous 
processes: In continuous processes *"* 
(continuous stirred tank reactor) with + 2_r J(NM~ 
ideal mixing the equations developed 
above can be simplified further. In fact in this 
case • the equation (3) given above leads to the 
following value for Xn if we consider the case in 
which m = 1 and bear in mind that all the inte
gration constants are zero 

** [(/VA, - Mi) + hsilKft. - *i) + *•*>] ' ' • K-VA. - *i) 

&2 &3 * RnX\ 

+ Xi) + k2Xi][(NAa - Xi) + k3xi] [(NM - Xi) + AnJe1] 
( U ) 

fer+ l&r+1 • • • hnXin ~' fABr 
— Xi) + kT+lXl][(NM ~ Xl) + Ar+2X1] • • • (NAQ — Xl) + kn] 

The distribution of the products is still given by 
equations (13). 

Verification of the Foregoing Equations 
The distribution of products in a series of consecu-

_____ tive concurrent irreversible reactions 
+ *n*i] carried out in batch processes: (a) The 
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Chlorination of Methane.—-The thermal chlorination 
of methane with gaseous chlorine can be represented 
by the series of reactions 

CH, + Cl, = CH1Cl + HCl + 23850 cal. 
CH1Cl + Cl2 = CH1Cl, + HCl + 23575 cal. 
CH2Cl3 + Cl2 = CHCl, + HCl + 23860 cal. 
CHCl, + Cl2 - CCU + HCl + 24280 cal. 

In addition to these we may consider the ex
plosive reaction between methane and chlorine 

CH4 + 2Cl2 = C + 4HCl + 69648 cal. 
and the reactions of pyrolysis of the intermediate 
products. However, in normal working conditions 
with a low CVCH 4 ratio, the importance of sec
ondary processes can be limited. To verify the 
applicability of equations (5) and (7) developed 
above, we have used the data given by Hirschkind16 

which are in good agreement with preceding data 
by McBee, Hass, Neher and Strickland" and by 
Wilson and Howland.18 

In Table I we have collected the values of the 
distribution constants fa, fa and ki obtained by 
introducing into equations (5) the experimental 
values X\, Xt, X3 and xt and solving the expressions 
thus obtained for k». Using the values fa ~ 2.3, 
fa = 1.4 and fa = 0.45, the numbers of moles of the 
various products have been calculated with the 
results shown in Fig. 1 and in Tables A, B and C.19 

The calculated values are compared with the experi
mental values as shown in the same tables. 

0.2 0.6 1.0 1.4 
Moles of Cl2 reacted per mole methane. 

Fig. 1.—Distribution of products in thermal chlorination of 
methane: , calcd. curves; X O A Q, exptl. values. 

(S) The Synthesis of Ethanolamines.—Ethylene 
oxide reacts with a water solution of ammonia 

(16) W. Hirschkind, lnd. Ent. Chem., 41, 2749 (1949). 
(17) E. T. McBee, H. B. Hass, C. M. Neher *nd H. Strickland, Md., 

34, 296 (1942). 
(18) M. J. G. Wilson and A. H. Howland, Fuel, 2«, 127 (1949). 
(19) For tables indicated by letter, order Document 3S76 from 

American Documentation Institute, 1719 N. Street, N.W., Washing
ton 6, D. C , remitting $1.00 for microfilm (images 1 inch high on 
standard 35 mm. motion picture film) or II.SO for photocopies (S X I 
Inches) readable without optical aid. 

TABLE I 

DISTRIBUTION CONSTANTS k2, k3 

CHLORINATION OF METHANE AS 
and kt FOR THERMAL 

FUNCTIONS OF RATIO 

Cl2 REACTED/CH* 
Cl, 

reacted/ 
CH4 0.2 

h 2.95 
*, 2.0 
h .. 

0.4 0.6 0.8 

2.75 2.28 2.30 
2.05 2.05 1.90 

.. 0.42 

1.0 

2.30 
1.60 
0.42 

1.2 

2.23 
1.45 
0.45 

1.4 

2.23 
1.35 
0.44 

1.6 

2.33 
1.40 
0.46 

giving simultaneously the three ethanolamines 
according to the series of reactions 

NH1 + CHr-CH2 = NH2-CH2-CH2OH 

N/ 
,CH2-CH2OH 

N H 2 - C H 2 - C H 2 - O H + CH2-CH2 = NH 
^ o / ^CH 1 -CH 2OH 

,CH 2 -CH 2 -OH 
NH 

^ C H 2 - C H 2 - O H 

A fourth reaction 

CH2CH2OH 

XH 2 -CHjOH 
+ CH8-CH2 = N-CH 2 -CH 2 OH 

N)/ \ CH2-CH2OH 

/ 
N-CH2CH2OH + CH2-\ CH2CH2OH N)/ 

/CH 2 -
-CH2 = N - C H 5 

-CH2-

-CH2-
\ 

-OH 
-OH 

CH2CH2OCH2CH2OH 

is also possible but its rate is much slower than that 
of the foregoing so that this fourth step, and any 
eventual successive steps, can be neglected without 
appreciable error. 

The data used for our verification are those of 
Ferrero, Berbe" and Flamme,11 which are in good 
agreement with those of Potter and McLaughlin.9 

In Table II are given the values of the distribution 
constants fa and fa obtained by introducing the 
above mentioned experimental values into equation 
(5). With fa = 4.5 and fa = 3.1 and the values 
given in Tables D and E and in Fig. 2 we have 

0.9 

S 0.7 • 

3 0.5 
•a 
o 

I 0.3 

0 . 1 • 
- S ^ 

0 0.4 0.8 
Moles of ethylene oxide reacted per mole NH,. 

Fig. 2.—Distribution of products in ethanolamines syn
thesis. Batch process at 15°; ,calcd. curves; X O A , 
exptl. values. 
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calculated the distribution of the products and 
compared the results with the experimental values. 

TABLE II 

DISTRIBUTION CONSTANTS fa AND fa AS FUNCTIONS OF RATIO 
ETHYLENE OXIDE/NH, IN ETHANOLAMINES SYNTHESIS 

Batch process at 15° 
C2H(OZNHi 0 .1 0.2 0.333 0.5 1 

fa 5.05 5.45 4.8 4.4 4.55 
fa 4.60 4.40 4.10 4.10 3.05 

(7) The Synthesis of Isopropanolamines.—Propyl
ene oxide also reacts with water solutions of am
monia giving simultaneously the three isopropanol
amines according to the series of reactions 

Propylene 
oxide/NHi 

NH, 

NH 2 -CH 2 -CHOH-CH 3 

XH 2 -CHOH-CHa 
NH 

^ C H 2 - C H O H - C H , 

+ CH 2 -CH-

+ CH 2 -CH-

+ CH2-CH-

-CH, = N H 2 - C H S - C H O H - C H , 

/ C H 2 - C H O H - C H , 
-CH, = NH 

^ C H 2 - C H O H - C H , 

/ C H 2 - C H O H - C H 3 

-CH, = N - C H 2 - C H O H - C H , 

^ C H 2 - C H O H - C H , 

The successive addition of propylene oxide to tri-
isopropanolamines giving ethers of this product is 
of minor interest owing to its very different re
action rate. 

The data used for our verification were taken 
from the kinetic study by Berb£12 on the synthesis 
of the isopropanolamines. 

In Table III are given the values of the distribu
tion constants calculated according to the usual 
method, while in Tables F and G and in Fig.' 3 
they are compared with the experimental values. 
The calculated values were obtained with ki = 
4.4andfc3 = 1.7. 

TABLE III 

DISTRIBUTION CONSTANTS fa AND fa AS FUNCTIONS OF RATIO 

PROPYLENE OXIDE/NH, IN ISOPROPANOLAMINES SYNTHESIS 

Batch process at 15° 
0.066 0.1 0.2 0.333 0.5 1 

fa 5.85 5.85 5.45 5 4.4 2.85 
fa 4.15 3 2.5 2.15 1.70 1.60 

The distribution of products in a series of consecu
tive concurrent irreversible reactions carried out in 
continuous processes: The applicability of equa
tions (8) has been verified with the experimental 
data contained in the above mentioned paper by 
Ferrero, Berbe- and Flamme.11 In Table IV are 
given the values calculated for the distribution 

constants ki and k> and these are 
compared with the values calculated 
above for the batch process (given in 
brackets). Assuming kt = 4.7 and 
kz — 4.8 the distribution of the vari
ous products have been calculated 
with equations (8) and (7). The 
results are given in Tables H and I 
and in Fig. 4 and are compared 
with the experimental data. 

The distribution of products in a 
series of consecutive concurrent irreversible reactions 
carried out in batch processes with recirculation of 
intermediate products, (a) The Synthesis of Ethanol
amines with Recirculation of Monoethanolamine.— 

TABLE IV 

DISTRIBUTION CONSTANTS fa AND fa AS FUNCTIONS OF RATIO 

ETHYLENE OXIDE/NH, IN ETHANOLAMINES SYNTHESIS 

The values in brackets are the 
for the batch process. 

Continuous process at 15( 

constants fa, k 
Ethy
lene 

oxide/ 
NHi 0.05 0.066 

A1 4.56 5.23 

3.80 5.95 

0.1 

6.09 
(5.05) 
4.98 

(4.60) 

0.2 

5.45 
(5.45) 
4.15 

(4.40) 

0.333 

5.07 
(4.8) 
4.87 

(4.10) 

1 

5.12 
(4.55) 
6.23 

(3.05) 

1.5 

3.81 2.08 

5.08 3.15 

0.1 0.3 0.5 0.7 0.9 
Moles of propylene oxide reacted per mole NH,. 

Fig. 3.—Distribution of products in isopropanolamines 
synthesis. Batch process at 15° 
X O A , exptl. values. 

0.5 1.0 1.5 2.0 
Moles of ethylene oxide reacted per mole NH,. 

Fig. 4.—Distribution of products in ethanolamines syn-
calcd. curves; thesis. Continuous process at 15° -, calcd. curves; 

X O. A, exptl. values. 
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The experimental da ta for the verification have 
been taken once more from the paper by Ferrero, 
Berbe' and Flamme.1 1 The two cases of recycling 
monoethanolamine and diethanolamine have been 
considered separately. 

Table V gives the values of the distribution con
stants fa and fa calculated in the usual manner 
while the values of the same constants obtained in 
processes without recirculation are indicated in 
brackets. 

TABLE V 

DISTRIBUTION CONSTANTS k2 AND A3 AS FUNCTIONS OF RATIO 

ETHYLENE OXIDE/NH S IN ETHANOLAMINES SYNTHESIS 

Batch process at 15° with recycling of 0.164 mole of mono
ethanolamine per mole NH3 fed to process. The values in 

brackets apply to the batch process without recycle 

0.1 

5.45 
(5.05) 
4.80 

(4.60) 

0.2 

5.52 
(5.45) 
4.22 

(4.40) 

0.333 

4.80 
(4.80) 
4.38 

(4.10) 

(/3) The Synthesis of Ethanolamines with Recircula
tion of Diethanolamine.—Table VI applies to the 
calculation of distribution constants fa and fa 
supposing the recycled product to be diethanol
amine. Here again these values are compared 
with those of the constants fa and fa for batch 
processes without recycling, which are given in 
brackets. 

TABLE VI 

DISTRIBUTION CONSTANTS A2 AND A3 AS FUNCTIONS OF RATIO 

ETHYLENE OXIDE/NH 3 IN ETHANOLAMINES SYNTHESIS 

Batch process at 15° with recycling of the indicated amounts 
of diethanolamine per mole NH3 fed to process. The 
values in brackets apply to the batch process without recycle 

Ethylene 
oxide/NHa 0.1 0.2 0.333 

Diethanolamine recycled, 
moles per mole NH3 0.045 0.070 0.0833 

A2 n.d. 3.7 5.65 
(5.45) (4.80) 

k3 n.d, 4.5 5.25 
(4.40) (4.10) 

The distribution of products in a series of consecu
tive concurrent irreversible reactions carried out in 
continuous processes with recirculation of intermediate 
products: Equat ions (13) and (14) have also been 
verified with t h e , experimental data of Ferrero, 
Berbe and Flamme,1 1 and the results given in Table 
VII apply to the recycling of monoethanolamine 
while those given in Table VTII apply to the re
cycling of diethanolamine. In both cases the 
values obtained for fa and fa in continuous proc
esses without recycling are given in brackets. 

Comment .—It can be seen from the above veri
fications of the calculated distributions of products 
in a series of consecutive concurrent reactions that , 
in some instances, there is fair agreement with ex-

TABLE VII 

DISTRIBUTION CONSTANTS A2 AND A3 AS FUNCTIONS OF RATIO 
ETHYLENE OXIDE/NH 3 IN ETHANOLAMINES SYNTHESIS 

Continuous processes at 15° with recycling of 0.131 mole of 
monoethanolamine per mole NH3 fed to process 

0.1 

5.97 
(6.09) 
4.45 

(4.98) 

0.2 

5.67 
(5.45) 
4.17 

(4.15) 

0.333 

6.88 
(5.07) 
5.90 

(4.87) 

TABLE VIII 

DISTRIBUTION CONSTANTS A2 AND A3 AS FUNCTIONS OF RATIO 

ETHYLENE OXIDE/NHJ IN ETHANOLAMINES SYNTHESIS 

Continuous process at 15° with recycling of the indicated 
amounts of diethanolamine per mole NH3 fed to process 

Ethylene 
oxide/NHi 0.0B6 0.1 0.2 0.333 

Recycling diethanolamine 
moles per mole NH3 0.0287 0.033 0.046 0.060 

A2 n.d. 4.05 5.17 5.16 
(6.09) (5.45) (5.07) 

k, 9.08 11.72 8.62 8.05 
(4.98) (4.15) (4.87) 

perimental data (thermal chlorination of methane, 
synthesis of ethanolamines by batch process), while 
in other instances there may be considerable dis
crepancy. These deviations seem to be greater 
in the case of reactions in the liquid phase and may 
partly be due to the fact t ha t the molar concentra
tions have been considered instead of the activities 
of the species present. In the case in question 
the two quantities certainly differ appreciably. 
Another cause of deviation is the eventual in
accuracy of the experimental da ta which affects, 
to a greater or lesser extent, all the calculated 
values. 

The fact remains, however, t ha t deviations to 
a smaller extent and in a preferential direction are 
noticed also in the thermal chlorination of methane 
in the gas phase. 

In general, there will be noticed a decrement, 
within certain limits, with the increase of the re
acted amounts of the values of the single distribu
tion constants in a manner tha t must be at t r ibuted 
to some common cause. We believe tha t a possible 
explanation may be found admit t ing t h a t molecules 
may exist in an activated s tate a t the instant in 
which they are formed. As these possess a greater 
reactivity they should increase the reaction rate 
of every molecular species. In consequence higher 
values should be reached when the ratio between 
the activated molecules which are being formed 
and the pre-existing molecules is maximum. Only 
a greater abundance of experimental data can re
solve the present uncertainties and for this purpose 
researches have been undertaken on some series 
of reactions of Type (I). 
MILANO, ITALY 


